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def AlphaOpen (A : Set X) : Prop :=
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import Mathlib
import Aesop
namespace Topology

variable {X : Typex} [TopologicalSpace X]
/-— A set is semi—open if it is a subset of the closure of its interior. -/
def SemiOpen (A : Set X) : Prop :=

A closure (interior A)

/—— A set is alpha—-open if it is a subset of the interior of the closure of its
def AlphaOpen (A : Set X) : Prop :=

interior .
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A interior (closure (interior A))

/—— A set is preopen if it is a subset of the interior of its closure. -/
def PreOpen (A : Set X) : Prop :=
A interior (closure A)
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A R A EBIUEY]

theorem intersection_of_alpha_open_sets_is_alpha_open {A B : Set X} (hA : AlphaOpen A) (hB
—— We unfold the definition of ‘AlphaOpen‘ and start with a point
— ‘X A B-.
intro x hx
rcases hx with hxA, hxB
—— From the alpha-openness of ‘A° and ‘B° we obtain the two interior
—— memberships below.

hA hxA
hB hxB

have hA_int : X interior (closure (interior A))

have hB_int : X interior (closure (interior B))

— Consider the open neighbourhood
— ‘U := interior (closure (interior A))

3 3

- interior (closure (interior B))‘ of ‘x

have hU_open
IsOpen (interior (closure (interior A))
interior (closure (interior B))) :=
isOpen_interior.inter isOpen_interior
have hxU
X interior (closure (interior A))
interior (closure (interior B)) := hA_int, hB_int

—— We prove that ‘U closure (interior (A B)) .
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have hU_subset
(interior (closure (interior A))
interior (closure (interior B)) : Set X)
closure (interior (A B)) := by
intro y hyU
rcases hyU with hyA_int, hyB_int
— From ‘hyA_int‘ and ‘hyB_int‘ we obtain the two closure
—— memberships below.
have hyA_cl : vy closure (interior A) :=
(interior_subset
interior (closure (interior A)) closure (interior A)) hyA_int
have hyB_cl : y closure (interior B) :=
(interior_subset
interior (closure (interior B)) closure (interior B)) hyB_int

—— To show ‘y closure (interior (A B))
— we use the neighbourhood characterisation of the closure.

apply (mem_closure_iff).2
intro V hV hyV

—— First step: work inside
- ‘V =V interior (closure (interior B)) °.

have hV _open
IsOpen (V interior (closure (interior B))) :=
hV.inter isOpen_interior
have hyV : y \" interior (closure (interior B)) :=
hyV, hyB_int
— As ‘y closure (interior A)‘, this neighbourhood meets
—— ‘interior A°.
have h_nonempty
v interior (closure (interior B))) interior A).Nonempty :=
(mem_closure_iff).1 hyA_cl _ hV _open hyV

rcases h_nonempty with

y , hyV , hyB_int , hy IntA
— Now ‘y v interior A°‘ sxxand=x=x
— ‘y interior (closure (interior B)) °.
—— Hence ‘y closure (interior B) *.
have hy _clB : y closure (interior B) :=

(interior_subset
interior (closure (interior B)) closure (interior B)) hyB_int

10
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—— Second step: work inside
— ‘V =V interior A°.

have hV _open : IsOpen (V interior A) :=
hV.inter isOpen_interior

have hyV : vy \Y interior A := hyV , hylIntA

—— Because ‘y closure (interior B)‘, the set
—— ‘interior B°.
have h_nonempty
v interior A) interior B).Nonempty :=
(mem_closure_iff).1 hy_clB _ hV_open hyV
rcases h_nonempty with
z, hzV , hzIntA , hzIntB

‘V‘

—— The point ‘z‘ lies in ‘V‘, ‘interior A‘, and
—— hence it belongs to ‘interior (A B) .

‘interior B‘;

B) ‘.

have hzIntAB : z interior (A B) := by
— Use maximality of the interior to pass from
—— ‘interior A interior B to ‘interior (A
have h_sub
(interior A interior B : Set X) interior

interior_maximal
(by
intro t ht
rcases ht with htA , htB

exact And.intro (interior_subset htA) (interior_subset htB))

(isOpen_interior.inter isOpen_interior)
exact h_sub hzIntA , hzIntB
—— We have found a point in ‘V interior (A
exact z, hzV, hzIntAB

B) ‘.

—— Maximality of the interior gives the desired inclusion,

3 3

—— and we conclude with the membership of ‘x° in

‘U*.

have hU_subset_int
(interior (closure (interior A))
interior (closure (interior B)) : Set X)
interior (closure (interior (A B))) :=
interior_maximal hU_subset hU_open
exact hU_subset_int hxU

11
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B AR HE R UEW] R B
PATR/2—~Hi chatGPT-4o ZE Ji{H) ¢ T P4~ alpha-JFERAY A2 alpha-JTHERY “UERA”™ 7l

N TUERRS R E B, BATE o A — b A P A R A A PR alpha-JT 4.
B(X,7) 2 b, I A C X f ARRRN o-JF AR
A Cint(int(A)),

Hodrint(A) Fs A BNFES, 1 int(A) 2R int(A) FIHH.
FATELEUEIE B REF LR LR RETF L. & A, B C X ZWANFREEE;
PRI, e S, FATh -

1. A Cint(int(A)) 2. B C int(int(B))
FATHZIUEN AN B 2 alpha-JTHy, Bl

AN B Cint(int(AN B)).
B, WEFH int(AN B) Cint(A) Nint(B),
P N PRI SRR 2 R, PRt

int(AN B) Cint(A) Nint(B) C int(A) Nint(B).
PRI 2]

int(int(A N B)) C int(int(A) Nint(B)) C int(int(A)) N int(int(B)).

IER% A Cint(int(A)) Fl B C int(int(B)), w15

AN B Cint(int(A4)) Nint(int(B)) D int(int(4A N B)).
It

AN B Cint(int(A N B)).

XKW AN B#E oI P 8. FIE, TEPA o FRIZENR o-JT 4.
PRI, 2% P IE R .

BCUER R ARAFAE— N, PURTEBIRCE A KRS RIS — R AW, TRXRRTT PSR T
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