arxiv:2504.12886v1 0 00 [

AR e %
DAVID DOLZAN

ABSTRACT. FAIWFFAE— A IRIF R H RN TR RBE TIHAEE TR 2 €
R AR . AT 7 BRI LR R SRR R 2 5 X — AR, IR TR BRER
MR AR

1. N4

BRI A S e st EE e RAE R S N TR, S LG 2, 11, 12, 14,
19]. Jak, BFFEN RAESRRIWEIE AT TR EEIIR T A3cie iR (Wach
IEE) (S0 (3,4, 5,7, 8, 15, 20]) MBIFEMS (WIHEBE) (S0 (6, 9, 10, 16, 20])
ATIRIR. T, (18] A1 [21] RO 2 T SR Proby (R) — WeDSRa=sll gy gy
FREFA AR R 8, Hrb 2o € RBEREICE. B, XETHH—FiE, B
REA AR A BRI ) SUi & . JRTT, 7E (18, 21] H i fEF AUTEACH A 1Y 5 55 T iR
P RXASEE, AATT EEE VR n i — L[ E R n 1R

AT, AT TAE AR AR TN, AR —L8 e M
WIPEER, XECRAEIR SR B . FRATEE S T HEMR AR (S W53 2.4), M
M4~ T [6, Theorem 4.1] 1 [18, Theorem 2.1] HRRIA . FoATETTE T 3 B M e A%
B, FFREN T AER T AR E AR SREME R IR AR . RS 3 T, FRATHK
BT R IRER (S WERE 3.2). TERJa—, AW TR r e g .
B, FATENL T HBRH A A X LE A PR k3] (S e B 4. 270418 4.3) . R)EFAIT
FPERRIR A BRIt i AR X HEA AR T B vl e o R B 464k
(W EH 4.6) R ARSI A Z, 135, H n 2 — DR FEIR,
F It EH 4.642 [21, Theorem 2.1 and Theorem 2.2] f)— A, WALFEARLLH L J2=0
KR (S HERL4.7).,
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2. & SCFITA IR

TR, R Fm— M HEAGRAIT A RIS 1o RATRFERBRAIER RN R, %
HFEFLRHN Z(R) = {x € R; there exists 0 # y € R such that zy = 0 or yz = 0},
MESMARMMER N J(R)o BEHEMERTCEER), RATH R RGN J iAg J(R). &
MHEFEN T = 2+ J FR o 18 R/J PEMZE. TR 2 € RIY (H) S TRHFR
A Ann,(z) = {y € Ryzy = 0}, QWERFHTIRIHFANE, FATKHE Ann, (2, R) WA 2
Ann,.(z).

FATRHC My, (F) Mk F B n-by-n FEFERIIR, FRF A € M (F) BIBHEHN tk(4).

FATREAH AN R A B, 5 HRTEA IR, BN AZH TR AZRRT (R
ZINR)

5|8t 2.1. [13, Proposition 1.3] & R A—AAIRIR, HHae€ R, wRHEHLO0AbeE RIE
Fba=0, MLHEHEOAce RIEF ac=0,

NI IR SRR, JATA AT E

EX 2.2. b a,x€ R, HA1ESL

1, if there exists b € R such that ab = «x,
dz(a) =

0, otherwise.

=i VARIEG = 1VN B S

BIBH 2.3. % R 2 —AHRIF. ¥ F € R, KAH Prob,(R) = Zeek ‘A‘gg@‘&w(“)o

Proof. BRiXfEfEb € R, #i15 ab = x. BAE, ac = 2 BWEH a(c —b) = 0, JPA
c—be Ann,(a). FHI, MFIHAEFHYIN c € b+ Ann,.(a), ac=x 7, [ |

PAREIEEZ [6, Theorem 4.1] F1 [18, Theorem 2.1] [y#) . #H =, Probg(R) <
ARZAZIHZE 5 g (6, Theorem 4.1] W]

510 2.4. 4R R A—AHRIF, Mo R %S Prob,(R) = . wk, 4R 0 #
* _ 2 _
v ¢ Be, [ 2] < prob, (R) < [RISAZURLHZ00R g ARHZO < proby() <
2|R|~2|Z(R)|+|Z(R)*
IRP? °

Proof. /8 A = {(a,b) € R%ab = 2}, HHMiE 2z € R*. fiT, ab = 2 4 HA
Yalab = 1, FAAH (a.) € AMAMY b€ R Al (2b7,5) € A, Fibh 14| = |R'
HBLL Prob,(R) = ik = g Wi = 0, WXFFE—Ab € RAEG 1 a € RE
A (0,5).(a,0) € A, AT, 0 # a € Z(R), WhFIH 21751 [Ann,(a)] 2 2, FiDA
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Al = [RI+|R*|+2(Z(R)| -1) = 2|R|+| Z(R)| -2, FJhlf it . L5 (6, Theorem 4.1]
R BERTEK IR, |A] > [RY|, Bt Proby(R) # Hod. 5, B0 # @ € Z(R). 4
Hoac R, WXHTH—t € Ann,(za) H5G (a,a '2), (va,a 1 +t) € A, ;1T 2ra € Z(R),
AT 213471158 |[Ann, (za)| > 2. WX THL 0, b € R* H xa = xb, W z(a—b) =0,
Fitka—b€ Z(R), WILFFTE = € Z(R) [fifha = b+ 2. SRPHATEA ,‘ZRR')| AR
fTE% wa, B |A] > [R| + i 3BT Prob,(R) > b - 22000 i fiy
BUF, A] > [R*| it Proby(R) # };J T R TTRE AR TELAREN T,
BBUAETER T @ € R* M FLALY Proby(R) = 7. b TIEML LR, WESEIAF a € RY, 34
i1 [Ann,(a)] = 18l 6,(a) = 1, 6,(0) = 0, TXF 0 #a € Z(R), HATH 5x(a) < 1 F
[Ann,(a)] < Z(R)|, WAl < R+ |Z(R)(1Z(R)| - 1). u

PATR 5 [ BRI AT T DALG ZCRF 5 71 B R A7 B T R ER A R R b

9[@ 2.5. '!ZU%R = R1 X R2 X ... X Rn %ﬁFEﬁﬂ:/jﬂ—'x = (.%'1,.%'2,..., ) €ER éﬁﬁf" m'
Prob,(R) = [[;=, Probg, (R;).

Proof. ﬁ%ﬁﬂj?{ffﬂﬁ%%a = (a17a27 oo 7an)ab = (b17b27 .. -7bn) %ﬂl‘ = (l’l,.’EQ, o ,.In) €

FATLALA P AT s X — 203«

5P 2.6. & REZ—AATIRIN, & Rg—AAFZH 3 THEZe) x € R, &M1A Prob,(R) <
PrObx+[(R/I) o

Proof. Fkf1H5|5 2.3(35] Prob,(R) = Zesan @@ g 5 (a) = 1414

ortr(a+1) =1, FHXSTF Ann,(a, R) PRAEAT 1| S8R, FAE Ann,(a + 1, R/T) Eljifl\

AN s g > aer |Ann.(a+I1,R/1)|I||6, I(a—f—I) > / |Ann, (a+1,R/T)|1|2|644 1 (a+1) B
%‘ ﬁjﬁ%a&ﬂ]{%%ﬂ Probx(R) < ER |R‘ + +I€R/IT |R‘2 _

Proby1(R/I). n

3. HAFR

TEATTH, BATIIUER (OF) BARIRIRIEMRR. 5180 2.55K0], T HEHER
WA, FA LA FTEAIR IR, HILIRATRF A R EAEXFRFIR NGO -

HFEERATZER U K F" P k 4e7asm] Sigasa) £ /U = Fr0 i) (k—r) 248
TAEEA MM RR, ORI 5

5IPE 3.1. [1, Theorem 13.1] 4 F & —A4H q LEMHARIK, FHASr <k <nZ¥EH.
W R U R P ag—Ar e F20, Baf P op i afe 1) Gl k ey T2
a5 U,
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FMTIAEA DT 2 2

T 3.2, A F A— N5 gNMTUEHARIR, n A% FTFHAr <neysH
X € M,(F), &k

A | B | W CERD
Probx (M, (F)) = kz oy :

Proof. I3[ 23, JATH Proby(R) = Zime oI e b e
M, (F) % AB = X M4 X 52002 A %0155 00 . i X W1y U.
BT rk(X) = v, RAOFEIGIABN b > r ORI A, EEHEI05EREE U, h
G 3ATTA, AE eI S U [1o) " Gl b ATl SRR R
AN V. B, RV SRS T V PR RS MBI " 5]V, KIE
B =D —q). . (¢"— ¢ ). B, Wi TS D=l [T (0 — o) ek &
WREHE A, 7% 0x(4) = 1. Hf v € Fr. TAERBOY b IORERE A, (R Ay = o
AR, AU ¢ ARy € B, BATE ST (¢ F) AMERE B, (X AT
WEox(A) =11 Ae M,(F)#H AB = X, iX3#H

S T =L T (07 — 6
q2n2

Proby (M, (F)) =

)

, ANTTIERA i B ]

4. JREBER

AT, FATREDTTE R A FREF A iR . AT AT 513

518 4.1. [17, Theorem 2] 4 R & —ANAHIREHRIR, A |R|=¢"# R/J=GF(q). &1
RRPw—A L (&) 228, NAEEEK o, 543 |1| = ¢*. w9, BEgE R HiFg+J
R R/ AR AE, FAFTEAEI€{0,1,...,.q- 1} " —d el @t k=1

MFIBE 2.4, FRATBAEGEI DA R 4528 .

B 4.2, & RA—ANAIREIL, LF R =¢" 3 FhLn>24 R/J=GF(q) K
<

i. 2w e R B Proby(R) = S5k, sk, R 04z e, n UL

n—1 _9 3 n—1_ n72_1 n 2
Prob,(R) < 1 qnﬁ’ Fo 24 q2n<1_1 < Probg(R) < 1 q:ﬂrlq
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Proof. T x € R*, ZMEAREERAHTIFE 2.4, TR o =0, WXHFH—10b € R fif
—A~a € R*E8A (0,b), (a,0) € AR, AR 0 # a € J, W5 2.10] 1 Ann, (a) # {0},
FrPAF G| B 4. 10180 [Ann,(a)| > q. FIBE[A] > [R|+ R +q(|J]-1) = 2[R+ (¢—1)|J| -
FfLA Probo(R) > M= 2021, |30 2. 4RI | Z(R)| = ] = ¢" 1 1. B, 1&
#0#xeJ i ac R IPLXTH—Pt € Ann,(za) #AG (a,a '), (va,a 1 +t) € A,
T Ann, (za) BASEILI, BA14 [Ann, (za)] > g ORGP 41, BIAE, W5 va = ob Xt
K abe R Sr, Mala—b)=0, Filta—be J. RREDGLE q— 1 ARAKTE
za, BiVAA| > |R*|+q(g—1), MIfi Proby(R) > =g t) — (@U@ SR - gy
HERAGIH 24, ]

B RPN AT RR T X LSRR T s 21

i 4.3. & R Z—AFRBIFK, #HL|R =¢" FEAn>2% R/J=GF(q) M.
T 2R a9,

(1) Proby(R ):w W FHE—A0#TE ],

(2) Prob,(R) = q"qnig 23 FHE—AO0Az e ],

(3) Probg(R) = %.

(4) R & —ANa4 P A aEair,

Proof. (1)=-(4): #¥EH 4. 20000, FATEE] |Ann, (2)| = ¢ I H 2 = ab BRE L
2tk a € R B2 b e Ry MMM« € J#HLL, FA1AH J2 =0, |Ann,(z)] = ¢
PAERWE |J] = q, FIL[R| = ¢

(2)=(4): BIF 2.AMIEI R, X TAEER 0 #£ a € J, FATH |Ann,(a)| = |J], X
BEWEE J2 = 0. BNBEXTH 40 # a € JEH 0x(a) = 1, XEWREWTH—F
0+# a € JHEIELE—D ug € R* 15 aug =z, Flha = augle BUE v —ug € J, N
zuy = zug, A [eR| < q, XEWE |J| = q, B IR =¢*. (3) = (4): FAVHLEX T4
—A0#£a€J, pEH 42000FE 5 [Ann,(a)| = q. R J* £ 0 F1 JEH = 0 XFFH
B ko RIS HBIHE A LT |J5| > g0 WE k> 2, IA || > ¢®, FAFTE a € J* ff
5 |Ann, (a)| > ¢, XPPET AP E. RIOIELUEMH T J? =0, HFXFE—4ae J
Ml aJ = 0454 |Ann,(a)| = q, XEW |J| =q, HIL|R| = ¢

(4)=(1), (2), (3): WR|R| =¢*, WA |J|=q M J* =0, FHTH D 0£ac ]
A |Ann,(a)| = q. BAE, REGRAEH 4. 2000 g A 058 br 2%, ir
PA (1) A1 (3) EREAL. WEIA NI DAKIY n =2 0, BRid (1) A1 (2) 2%, FHit
(2) WAL, u

i 4.4. % R R —AHIRE K, AH |R| = ¢" 4 R/J = GF(q). M Proby(R) =
T2 % | % J? =0,
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Proof. X H#:kH [6, Theorem 4.1], [ |
TE R RN — SR R G DL T, FRATSEER BT DAV A R vEAE R . RAITFEAT
g1,
S|H 4.5. & R ARRK, HZueR fejeJ. Mu+je R,
Proof. i u+j=u(l4+u'j) i =uljeJ. T JIWEGENTEEZTEEN,
FAVAH ™ = O TFEANER n, WL (1+5) " =1—4+(G)2+...+ (=)L) L. .
BATAEA AR ERE, Z%ERHE) TR A [21] BERE 2.1 f1 2.2,

EPL 4.6. A& RA—NARBEIIF, BA R =¢" FR/J=GF(q), Bk J" 1 #£0, 4%
X F A A @ € T\ T R Proby(R) = $EE=D sk Proby(R) = Mg,

Proof. fEXT-H8e 4, J¢ = J+1 iy Nakayama 5| B0 J' = 0, AL, J D
J2 D . D D0 BT A HLAE S . FOR JY = RIFPMEST TR A =
0,1,....,n—1, FAWEA J/JT &4 QEFILE) 42 R/J AR, bRl
N+ )G+ JT) = aj + T XEIRF A EEE R, A | = [T ¢, P
q" = |R| = grothet oot BRSO E ko = k1 = ... = ko1 = 1o KGR THT A
—A i =01, n AT = ¢ S g€ R IpRATIE 41T, BIE, WE—A
i€ {1,2,...,n— 1} @ a; € J\ T, RIRHEBRAEER k€ {0,1,...,n — 1} FU%E
X = {Z?:_kl Nizi; i €{0,9,9%,...,97 ) for every i € {k,k+1,...,n—1}} C J*, &A1
HIRGEIERTY

n—1 n—1
(1) Z Nix; = Z i T
i—k i—k

Fr, SEFE N € {0,9,6% ., g7 i € {kk+ 1, n — 1} FRERE N T4
i~i e {k‘,k’—}—l,...,n— 1} %ﬁﬁ Ai = o HT ()\k —,uk):z:k e Jkt1 Mz, §é Jk+1, WATE
BN = e = 0B A = g2 Bl i = g ST oy, B € {0,1,...,g— 1}. HTTE g
PIPER AT AR T o = Br, A A = pee BUEE, BT i =k, k+1,...,5
A N = pie SRR (1) BT Y00 N = 0y s, FRATATRABE T _E5R A1
e RORIER N1 = pjre BT [P = ¢"F, FATES JF = Xpo RORIRIERLAH T
Jk=Y, = {Z?;kl wip i € {0,9,9%,...,99 Y forevery i € {k,k+1,....,n—1}}. T
z1g € J\ J?, WNFIHFTFHFEANS o €{0,1,...,¢ — 1} FIFA G € J2H 219 = ¢%1 + o
J=X1. JV=0FJ" £ OMAEERM 27 £0, BT i=1,2,....,n— 1 #H
g€ T\ T BHE, Bk x e JE\ TR RIS, AT @ = 00! Nt 4t
THEAAN €{0,0,6%,...,977 ' BA N # 0. FREEREER y = S0 ol € J5, BA
i €{0,9,9% .., 97 Y. YR, WBIFLASTH 2 = S iR € RY) B 2t = ab
6



HHA W0 2 ) = yo RATCRIEM T 2R = J*. T 2R ~ R/Ann,(z),

X [Ann, (z)| = ¢*, HHAFER JF C Ann, (), FATELIUEN T Ann,(z) = JF,

Wt a € RIFHEE 6.(a) = 04 HALY a € JHL, BiAE, 53 2344 T Prob,(R) =
nn(a ’Z i\ ri+1 |[Anng(a . .

ZaeR\Jlﬁt‘-;;'QlA (a)] _ >i-o ZQEJQ%JP-Q— |Anny(a)| . Xﬂ'?{f%‘nﬁ/ﬂa c J’\JZ'H, &ﬂ]ﬁ Annr(a) —

JPTE TR [Anng(a)] = ¢'o BEAN, [JON\ T = ¢t — ¢" T XA T Prob,(R) =
Y od" Ma=D) _ (k+1)(g—1)

|R[* gt
wE, MRz =0, P20TH—1ac REH 0.(a) =1, FrPAFA1#55] Prob,.(R) =
IR+ Dacsingitl [Annr(@)] gngson gnl(g=1) _ g4n(g—1) _ (n+l)g—n ]
|R‘2 - q2n - qn+1 - qn+1 °

I 1. 2 EFEIL J.6HIES S T AT 2 € R 49 Prob,(R) 89 B4KME, £ R = Zy 0915
T, A TFEA LS r A ERK p. K, R A [21] W9EIL 2.1 Fo 2.2/ H T KA XK.
9, F132 4640532 2.58 a4 B T Proby(R) £ R = Zyp E AT —ANK, EATHE
FEH T e R, i TG (18] 49832 2,10, 2.11, 2.12, 2.13, 2.1} = 2.15,

FATEA AT EH.
EH 4.7. & R R —ANAREHIK, FAH R =q" 4o R/J=GF(q), 3E& J* =0 &
D ifotael
Zo AR Proby(R) = § & if o ¢ J,

" 4292
pE s ) if £ = 0.

Proof. Jff0 £z € J, WRHEHEO£ae S, i 0,(a) = 1. WT J2 =0, WEFF
1Eb e R{EfG ab =, FAVHED ¢ J, FILAD RATiNG, T a = ab~" o AT, AT
PR AT T2 by o 7 by = aby, W w(by —b2) = 0, BA by — by € J, FHILED
T g — VARRER IR EIEE ab, Hoh—Buie gk be Ro T J% =0, A4
@R\ {0} = ¢ — 1, HHFAAUEA ¢ — L ARRIGTEE a € J WL 5x(a) = 1. HTHA
BHER @, TMTA Anny(a) = Jo B—HTH, Wi a ¢ J, W a 205K, F0.(a) = 1F
Ann, (a) = {0} BLRES T 2.3, AT Prob, (R) = COIEA] _ 20t _ 20l
ISR ¢ J, Fe T E R 4.2035) Prob, (R) = 45k . s, M @ = 0, Fff 147 |Ann,(a)] = 1
SFFAHICE a, [Ann.(a)| = ¢" 1 WFARWAETITCE a ALK |Ann, (0)] = ¢*, FTPA

n—1 1 nfl_l n—1 n n—1 20—2
Prob,(R) = ¢ (q )+(c1q2n )q" T +q" g qjﬂq i m
Bt

PR R 2 B R SR A T B R e, X EePe B T s A S i

RT3



10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

Ve PR M arh 28 -

REFERENCES

. George E. Andrews, The theory of partitions, Cambridge Mathematical Library, Cambridge University

Press, Cambridge, 1998, Reprint of the 1976 original. MR 1634067

. F. Barry, D. MacHale, and A. Ni Shé, Some supersolvability conditions for finite groups, Math. Proc.

R. Ir. Acad. 106 A (2006), no. 2, 163-177. MR 2266824

. Dhiren Kumar Basnet and Jutirekha Dutta, Some bounds for commuting probability of finite rings,

Proc. Indian Acad. Sci. Math. Sci. 129 (2019), no. 1, Paper No. 1, 6. MR 3887207

. S. M. Buckley, D. MacHale, and Y. Zelenyuk, Finite rings with large anticommuting probability, Appl.

Math. Inf. Sci. 8 (2014), no. 1, 13-25. MR 3117772

. Stephen M. Buckley and Desmond MacHale, Commuting probability for subrings and quotient rings,

J. Algebra Comb. Discrete Struct. Appl. 4 (2017), no. 2, 189-196. MR 3601350

. David Dolzan, The probability of zero multiplication in finite rings, Bull. Aust. Math. Soc. 106 (2022),

no. 1, 83-88. MR 4448946

. Jutirekha Dutta, Dhiren Kumar Basnet, and Rajat Kanti Nath, On commuting probability of finite

rings, Indag. Math. (N.S.) 28 (2017), no. 2, 372-382. MR 3624561
, Characterization and commuting probability of n-centralizer finite rings, Proyecciones 42
(2023), no. 6, 1489-1498. MR, 4679483

. M. A. Esmkhani and S. M. Jafarian Amiri, The probability that the multiplication of two ring elements

is zero, J. Algebra Appl. 17 (2018), no. 3, 1850054, 9. MR 3760023

, Characterization of rings with nullity degree at least i, J. Algebra Appl. 18 (2019), no. 4,
1950076, 8. MR 3928520

Robert M. Guralnick and Geoffrey R. Robinson, On the commuting probability in finite groups, J.
Algebra 300 (2006), no. 2, 509-528. MR, 2228209

W. H. Gustafson, What is the probability that two group elements commute?, Amer. Math. Monthly
80 (1973), 1031-1034. MR 327901

Yuji Kobayashi and Kwangil Koh, A classification of finite rings by zero divisors, J. Pure Appl. Algebra
40 (1986), no. 2, 135-147. MR 830317

Paul Lescot, Isoclinism classes and commutativity degrees of finite groups, J. Algebra 177 (1995), no. 3,
847-869. MR 1358488

Desmond MacHale, Commutativity in finite rings, Amer. Math. Monthly 83 (1975), no. 1, 30-32.
MR 384861

Haval M. Mohammed Salih, On the probability of zero divisor elements in group rings, Int. J. Group
Theory 11 (2022), no. 4, 253-257. MR 4509600

R. Raghavendran, Finite associative rings, Compositio Math. 21 (1969), 195-229. MR 246905
Shafiq ur Rehman and Muhammad Naveed Shaheryar, On generalized probability in finite commutative
rings, Int. Electron. J. Algebra 33 (2023), 125-132. MR 4563792

David J. Rusin, What is the probability that two elements of a finite group commute?, Pacific J. Math.
82 (1979), no. 1, 237-247. MR 549847




20. Pavel Shumyatsky and Matteo Vannacci, Commuting and product-zero probability in finite rings, In-
ternat. J. Algebra Comput. 34 (2024), no. 2, 201-206. MR, 4727826

21. Shafiq ur Rehman, Abdul Qudair Baig, and Kamran Haider, A probabilistic approach toward finite
commutative rings, Southeast Asian Bull. Math. 43 (2019), no. 3, 413-418. MR 3966299

D. DOLZAN: DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICS AND PHYSICS, UNIVER-
SITY OF LJUBLJANA, JADRANSKA 19, SI-1000 LJUBLJANA, SLOVENIA, AND INSTITUTE OF MATHEMATICS,

PHYS1CS AND MECHANICS, JADRANSKA 19, SI-1000 LIUBLJANA, SLOVENIA; E-MAIL: DAVID.DOLZAN@FMF.UNI-
LJ.ST



